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Abstract
We review the results of our research [A.A. Reshetnyak, IJMPA 29 (2014) 1450184; P.Yu.
Moshin, A.A. Reshetnyak, Nucl. Phys. B 888 (2014) 92; P.Yu. Moshin, A.A. Reshetnyak,
Phys. Lett. B 739 (2014) 110; P.Yu. Moshin, A.A. Reshetnyak, arXiv:1406.5086[hep-th]],
devoted to a consistent Lagrangian quantization for gauge theories with soft BRST sym-
metry breaking, in particular, for various descriptions of the Yang–Mills theory without
Gribov copies. The cited works rely on finite BRST and BRST-antiBRST transformations,
respectively, with a singlet Λ of nilpotent and a doublet λa, a = 1, 2, of anticommuting Grass-
mann parameters, both global and field-dependent. It turns out that global finite BRST and
BRST-antiBRST transformations form a 1-parametric and a 2-parametric Abelian super-
group, respectively. Explicit superdeterminants corresponding to these changes of variables
in the partition function allow one to calculate precise changes of the respective gauge-fixing
functional. These facts provide the basis for a proof of gauge independence of the corre-
sponding path integral under respective BRST and BRST-antiBRST transformations and
lead to the appearance of modified Ward identities. It is shown that the gauge independence
becomes restored for path integrals with soft BRST and BRST-antiBRST symmetry break-
ing terms. In this case, the form of transformation parameters is found to induce a precise
change of the gauge in the path integral, thus connecting two arbitrary Rξ-like gauges in
the average effective action. Finite field-dependent BRST-antiBRST transformations are
used to solve (perturbatively) the Gribov problem in the Gribov–Zwanziger approach. A
modification of the path integral for theories with a gauge group, being consistent with
gauge invariance and providing a restriction of the integration measure to the first Gribov
region with a non-vanishing Faddeev–Popov determinant, is suggested.
Keywords: Faddeev–Popov rules, BRST-antiBRST Lagrangian quantization, Yang–Mills the-
ory, Gribov–Zwanziger model, field-dependent BRST and BRST-antiBRST transformations
1 Introduction
It is well known that the electroweak and strong interactions are described by the Standard
Model, with the Quantum Chromodynamics (QCD) as its constituent, and there are no experi-
mental facts in conflict with QCD. While the Standard Model has been justified by the discovery
of the Higgs boson, the problem of consistency in QCD is far from its solution, especially in
view of the confinement phenomenon. The Lagrangian of QCD (and generally that of the Stan-
dard Model) belongs to the class of non-Abelian gauge theories [1, 2, 3, 4] of Yang–Mills (YM)
type. Descendants of gauge invariance that emerge as one applies the Faddeev–Popov trick [5]
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to the partition function of Yang–Mills theories [6] are special supersymmetries, known as the
BRST symmetry [7, 8] and the BRST-antiBRST symmetry [9, 10, 11]. They provide a basis
for contemporary quantization methods applied to gauge theories [2, 12]. These symmetries are
characterized by the presence of a Grassmann-odd parameter µ and two Grassmann-odd scalar
parameters (µ, µ¯), respectively. The latter parameters in the extended schemes of generalized
Hamiltonian [13] and Lagrangian [14, 15] quantization (see [16] as well) form an Sp (2)-doublet
(µ, µ¯) ≡ (µ1, µ2) = µa, whereas the former parameter is used in the generalized canonical [17],
[18] and field-antifield [19] quantization methods. When considered either as constants or as
field-dependent functionals, these infinitesimal odd-valued parameters can be used, respectively,
to obtain the Ward identities and to establish the gauge-independence of the partition function
in the path integral approach.
On the other hand, due to the well-known Gribov problem [21], the covariant quantization
of YM and gravity theories on a basis of the FP procedure cannot be realized correctly for the
entire spectrum of the momenta distribution in the deep infra-red region for gauge fields once the
gauge condition has been imposed using differentiation [22], since there remains an infinitely
large number of discrete gauge copies after gauge-fixing, contrary to the case of Quantum
Electrodynamics (with an Abelian gauge symmetry). This implies that a non-Abelian addition
to the quadratic part of a Lagrangian turns a free well-defined partition function (of Gauss-type)
to one for an interacting theory, which does not meet the requirement of positive definiteness
for density of the distribution function, due to an infinite number of zero eigenvalues for the
FP matrix. Gribov has studied YM theories in the Coulomb gauge and suggested a restriction
of the domain of functional integration for gauge fields to the so-called first Gribov region,
which has been effectively incorporated into the functional measure as the Heaviside Θ-function
(V(1 − σ(0, A)) for vanishing momenta k in the notations [21]), thus realizing the “no-pole”
condition for the ghost propagator and a correct interpretation of the partition function.
There are other means of solving the Gribov problem: first, the Gribov–Zwanziger (GZ)
procedure [23], where the mentioned Θ-function, due to certain non-perturbative arguments,
such as a replacement of the Θ-function by the δ-function and the hypothesis [23] “the equiv-
alence of the microcanonical and canonical ensembles in classical statistical mechanics is valid
here, so that it is correct to replace the δ-function by the Boltzmann factor”, may be applied to
the Landau and Coulomb [24] gauges with a hermitian FP operator and a special addition to
the standard FP action, known as the Gribov–Zwanziger horizon functional [23, 25]. However,
this addition is not gauge-invariant and hence non-invariant under the initial BRST transfor-
mations. Second, there is a procedure of imposing an algebraic (rather than differential) gauge
on auxiliary scalar fields in a theory with the ghost and antighost fields considered as classical
gauge fields, which is non-perturbatively equivalent to a Yang–Mills theory with the same gauge
group, but with the FP operator considered as part of the classical Lagrangian [26, 27, 28].
In [29], BRST transformations with a finite field-dependent parameter (FFDBRST) for YM
theories with the FP quantum action have been first introduced by using a functional equation
for the corresponding infinitesimal parameter, so as to provide the path integral with such a
change of variables that would allow one to relate the quantum action given in a certain gauge
to the one given in a different gauge, however, without solving this equation in a general setting,
which has led to the appearance of numerous similar results (see [30, 31] and references therein).
The problem of establishing a relation of the FP action in a certain gauge with the action in a
different gauge by using a change of variables corresponding to a FFDBRST transformation has
been generally solved in [32], thus providing an exact relation between a finite parameter and
a finite change of the gauge-fixing condition. In particular, this result leads to the preservation
of the number of physical degrees of freedom in a given YM theory with respect to FFDBRST
transformations, which means the impossibility of relating the YM theory to another theory,
e.g., to GZ action [25] in the same configuration space. Notice that the study of Gribov copies
in YM theories has not been restricted to a certain gauge; see the use of the covariant and
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maximal Abelian gauges, as well as the Landau and Coulomb gauges in [33, 34, 35, 36, 37, 38].
Notice that the solution of a similar problem for arbitrary constrained dynamical systems in
the generalized Hamiltonian formalism [17, 18] has been recently proposed in [39], whereas for
general gauge theories (featuring reducible gauge symmetries and/or an open gauge algebra)
an exact Jacobian generated by FFDBRST transformations in the path integral given by the
BV procedure [19, 20] has been obtained in [40] (see [41] as well) and gives a positive solution
of the consistency of soft BRST symmetry breaking [42].
In [44], we consider an extension of BRST-antiBRST transformations to the case of finite
(both global and field-dependent) parameters in YM theories. In [45, 46, 47], we have done
the same for general gauge theories, by using the Lagrangian and generalized Hamiltonian
BRST-antiBRST quantization methods; see also [48]. In the present work, the origins of finite
BRST and BRST-antiBRST transformations are reviewed in Sections 2 and 4 respectively, and
then in Section 3 we use their properties to study their influence on the quantum structure of
YM theories and general gauge theories, both with and without BRST(antiBRST) symmetry
breaking terms, and using the respective BRST and BRST-antiBRST settings, including the
cases of refined and standard GZ theories in Section 5. A modification of the path integral
in YM theories, which is consistent with gauge invariance and which provides a restriction of
the integration measure to the first Gribov region with a non-vanishing FP determinant, is
suggested in Section 6.
We use the condensed notation of DeWitt and the conventions of [40, 44]. Unless otherwise
specified by an arrow, derivatives with respect to the fields are taken from the right, and those
with respect to the corresponding antifields are taken from the left. The raising and lowering
of Sp (2) indices, sa = εabsb, sa = εabs
b, is carried out using a constant antisymmetric metric
tensor εab, εacεcb = δ
a
b , subject to the normalization ε
12 = 1. The Grassmann parity of a
homogeneous quantity B is denoted as ε(B).
2 Finite Field-dependent BRST Transformation and its Jaco-
bian
An extended generating functional of Green’s functions (GFGF) for a gauge theory defined in
a total configuration space M parameterized by fields φA, ε(φA) = εA, which, in the formalism
of BRST quantization [19], contain the initial classical fields Ai, ε(Ai) = εi, i = 1, . . . , n, the
Nakanishi–Lautrup fields Bα, ε(Bα) = εα, α = 1, . . . ,m < n, and the pairs of ghost and
antighost fields1 Cα, C¯α, ε(Cα) = ε(C¯α) = εα + 1, is given by the rule
ZΨ(J, φ
∗) =
∫
dφ exp
{
i
~
[
SΨ (φ, φ
∗) + JAφ
A
]}
≡
∫
IΨφ,φ∗ exp
{
i
~
JAφ
A
}
, (1)
where ~, JA, φ
∗
A and Ψ(φ) are, respectively, the Planck constant, external sources to φ
A, anti-
fields, ε(JA) = ε(φ
∗
A)+1 = εA , and an admissible Fermionic gauge-fixing functional Ψ (φ). The
usual GFGF is ZΨ(J) = ZΨ(J, 0) and the quantum action SΨ (φ, φ
∗) is given by
SΨ (φ, φ
∗) = S
(
φ, φ∗ + δΨ
δφ
)
, where S (φ, 0) = S0(A), (2)
with the classical action S0(A) invariant under infinitesimal gauge transformations δA
i =
Riα(A)ξ
α, ε(Riα) = εi + εα, whose generators R
i
α(A) form an algebra of gauge transformations,
Riα,j(A)R
j
β(A)− (−1)
εαεβ Riβ,j(A)R
j
α(A) = −R
i
γ(A)F
γ
αβ (A)− S0,j(A)M
ij
αβ (A) ,
for F γαβ = − (−1)
εαεβ F γβα , M
ij
αβ = − (−1)
εiεj M jiαβ = − (−1)
εαεβ M ijβα . (3)
1As well as the towers of additional ghost, antighost and Nakanishi–Lautrup fields, introduced according to
the stage of reducibility of a given theory [20].
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The bosonic functional S = S(φ, φ∗), as well as the quantum action SΨ, satisfies the master
equation (in two equivalent forms)
∆ exp
{
ı
~
S
}
= 0⇐⇒ 12(S, S) = ı~∆S , (4)
expressed in terms of an odd Poisson bracket (·, ·), also called antibracket, and in terms of an
odd Laplacian ∆ = (−1)εA δl
δφA
δ
δφ∗A
, defined in the field-antifield space [19]. Finite (group) BRST
transformations introduced in [40] are invariance transformations for the integrand IΨφ,φ∗ with
account taken of (4) for SΨ,(
φA, φ∗A
)
→
(
φ′A, φ′∗A
)
=
(
φA exp{←−s eΛ}, φ
∗
A
)
=⇒ IΨ
φ exp{←−s eΛ},φ∗
= IΨφ,φ∗ , (5)
where the set {g(Λ)} = {exp{←−s eΛ}} forms a one-parametric Lie supergroup with an odd
parameter Λ, despite the fact that the generator ←−s e =
←−
δ
δφA
δSΨ
δφ∗A
of BRST transformations fails
to be nilpotent, ←−s 2e 6= 0, due to the presence of M
ij
αβ 6= 0 in the gauge algebra relations
(3) and also due to the presence of the operator ∆. When the parameter Λ is chosen as a
field-dependent functional Λ(φ, φ∗) depending parametrically on antifields, the set of {g(Λ)}
transforms into an non-Abelian supergroup. The superdeterminant of a change of variables
corresponding to FFDBRST transformations (5) has been calculated in [40] and reads
Sdet
∥∥∥∥δφA exp{←−s eΛ(φ, φ∗)}δφB
∥∥∥∥ = (1 + Λ←−s e)−1 exp{←−s eΛ(φ, φ∗)}{1 + (∆SΨ)Λ}, (6)
with the notation δSΨ
δφ∗A
≡ SAΨ. For constant Λ, the Jacobian reduces to Sdet
∥∥∥ δφA exp{←−s eΛ(φ,φ∗)}
δφB
∥∥∥ ={
1 +
(
∆SΨ
)
Λ
}
. The requirement of gauge independence for a finite change of the gauge,2
Ψ→ Ψ+∆fΨ, leads to the compensation equation [40],
IΨ
φ exp{←−s eΛ(φ,φ∗)},φ∗
= I
Ψ+∆fΨ
φ,φ∗ , (7)
being a functional equation for an unknown Λ(φ, φ∗),
− i~ ln
[(
1 + Λ←−s e
)−1
exp{←−s eΛ(φ, φ
∗)}
]
=
(
exp
{
− [∆, ∆fΨ]
}
− 1
)
SΨ (8)
which has been proven to have a solution [40],
Λ (φ, φ∗|∆fΨ) = Λ (∆fΨ) so that Λ (φ, φ
∗|∆fΨ) = −(ı/~)∆fΨ+ o(∆fΨ) . (9)
This allows one to state the gauge independence of the vacuum functional under finite changes
of the gauge Fermion. Next, in theories having a closed algebra of rank 1, i.e., M ijαβ = 0 in
(3) and being such that ∆SΨ = 0, provided that
←−s e
2 = 0, the Jacobian (6), the compensation
equation (8), and its solution (9) are reduced to those corresponding to Λˆ = Λ(φ), namely,
Sdet
∥∥∥∥∥δφ
A exp{←−s eΛˆ}
δφB
∥∥∥∥∥ = (1 + Λˆ←−s e)−1; ı~
{
ln
(
1 + Λˆ←−s e
)}
=
(
∆fΨ(φ)
)←−s e,(10)
Λˆ = ∆fΨ(φ)
{(
∆fΨ(φ)
)←−s e}−1[ exp{− ı~(∆fΨ(φ))←−s e}− 1]. (11)
Relations (10), (11) are identical to those in YM theories [32], when restricted to the case of
irreducible gauge theories, provided that F γαβ,i = 0.
2This change is inspired by infinitesimal FDBRST transformations [19, 20] with Λ (φ) = −(ı/~)δΨ, for which
the vacuum functional is gauge-independent under a variation of the gauge condition, Ψ→ Ψ+δΨ: ZΨ+δΨ(0, 0) =
ZΨ(0, 0).
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3 Gauge Dependence Problem and Ward Identities for Gauge
Theories with Soft BRST Symmetry Breaking
A soft BRST symmetry breaking term is introduced into the gauge theory as an bosonic addi-
tions, M =M(φ, φ∗), to the quantum action, SΨ [42] thus determining the GFGF,
ZMΨ,Ψ(J, φ
∗) =
∫
dφ exp
{
i
~
[SΨ (φ, φ
∗) +MΨ(φ, φ
∗) + Jφ]
}
≡
∫
IMΨ,Ψφ,φ∗ exp
{
i
~
Jφ
}
. (12)
The BRST breaking termM does not invariant with respect to the same BRST transformations
(5), and may or not satisfies to the so-called soft BRST symmetry breaking equation respectively
for dimensional-like regularization when ∆M = 0, for local M [42], and for more general
regularization [43]
M exp{←−s eΛ} =M +MA(φ
A←−s e)Λ 6=M and (M,M) = 0 or ∆ exp
{
− ı
~
M
}
= 0, (13)
however, providing an existence of the vacuum functional ZMΨ,Ψ(0, 0). As the consequence of
the BRST breaking the integrand IMΨ,Ψφ,φ∗ fails to be invariant for JA = 0,
IMΨ,Ψ
φ exp{←−s eΛ},φ∗
= I0,Ψ
φ exp{←−s eΛ},φ∗
exp
{
i
~
M exp{←−s eΛ}
} (13)
6= IMΨ,Ψφ,φ∗ . (14)
In spite of this fact, there is a modified Ward identity for ZMΨ,Ψ(J) which is easily obtained by
making in (12) a field-dependent BRST transformation (5) and using the relations (9) and the
expression (6) for the Jacobian:〈{
1 + i
~
[
JAφ
A +MΨ
]←−s eΛ (∆fΨ)} (1 + Λ (∆fΨ)←−s e)−1 exp{←−s eΛ (∆fΨ)}〉M,Ψ,J = 1 , (15)
where the symbol “〈A〉M,Ψ,J” for a quantity A stands for a source-antifield- dependent average
expectation value with respect to ZMΨ,Ψ(J, φ
∗), corresponding to the gauge-fixing Ψ. The mod-
ified Ward identity (derived then for Green’s functions as well) depends on the field-dependent
parameter Λ (∆fΨ) as the weight functional, and therefore on the change of the gauge con-
dition, ∆fΨ. Note, first, that (15) for M = 0 permits to obtain new form of modified Ward
identity for the general gauge theories within BV quantization, second, the Ward identity takes
the form for a constant Λ,〈[
JAφ
A +MΨ
]←−s e〉M,Ψ,J = 0⇐⇒(JA+MA(~ı δδJ , φ∗))(~ı δδφ∗A −MA∗(~ı δδJ , φ∗)
)
ZMΨ,Ψ= 0,(16)
for MA
(
~
ı
δ
δJ
, φ∗
)
≡ δM(φ,φ
∗)
δφA
∣∣∣
φ→ ~
ı
δ
δJ
and MA∗
(
~
ı
δ
δJ
, φ∗
)
≡ δM(φ,φ
∗)
δφ∗A
∣∣∣
φ→ ~
ı
δ
δJ
, (17)
which is identical with the Ward identity for ZMΨ,Ψ(J, φ
∗) in [40, 43], whereas for ∆M = 0 one
should to extract from the left-hand side of the latter identity, the term, MA M
A∗ = 0, deriving
the identity from [42].
The identity (15) together with equivalence theorem arguments [49] implies an equation
which describes the gauge dependence of ZMΨ,Ψ(J) for a finite change of the gauge Ψ→ Ψ
′ =
Ψ+∆fΨ, namely,
ZMΨ′ ,Ψ′(J, φ
∗)− ZMΨ,Ψ(J, φ
∗) = ZMΨ,Ψ(J, φ
∗)
〈
i
~
JAφ
A←−s eΛ (φ, φ
∗| −∆fΨ)
〉
M,Ψ,J
= (−1)εAJAΛ
(
~
ı
δ
δJ
, φ∗| −∆fΨ
)( δ
δφ∗A
−
ı
~
MA∗Ψ
)
ZMΨ,Ψ(J, φ
∗), (18)
if the following representation for the soft BRST symmetry breaking term M in the reference
frame described by the gauge, Ψ +∆fΨ, holds
MΨ+∆fΨ(φ, φ
∗) = MΨ(φ, φ
∗) exp{←−s eΛ (∆fΨ)} = MΨ(φ, φ
∗)
[
1 +←−s eΛ (∆fΨ)
]
. (19)
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We obtain the main result of .[40] that on the extremals J = 0 finite change of the GFGF for
the gauge theory with (soft) BRST symmetry breaking vanishes therefore preserving the gauge
independence property in case M 6= 0 providing that the form of BRST symmetry breaking
term M transforms under change of the gauge: Ψ→ Ψ+∆fΨ by the rule (19). The equation
(19) determines the rule of transformation of any quantity under change of the gauge.
For the effective action (generating functional of vertex Green’s functions), ΓMΨ,Ψ =
ΓMΨ,Ψ(φ, φ
∗), obtained via Legendre transformation of lnZMΨ,Ψ with respect to JA,
ΓMΨ,Ψ(J, φ
∗) =
~
ı
lnZMΨ,Ψ(J, φ
∗)− Jφ, with φA =
~
ı
δ lnZMΨ,Ψ
δJA
,
δΓMΨ,Ψ
δφA
= −JA. (20)
the Ward identity (16) takes the form [42, 40] in terms of antibracket and operatorial fields φ̂A:
1
2(ΓM ,ΓM ) =
δΓM
δΦA
M̂A∗ + M̂A
δΓM
δΦ∗A
− M̂AM̂
A∗ , (21)
for M̂A ≡
δM(φ,φ∗)
δφA
∣∣∣
φ→φ̂
, M̂A∗ ≡ δM(φ,φ
∗)
δφ∗A
∣∣∣
φ→φ̂
, (22)
and φ̂A= φA+ ı~ (Γ
′′−1
M,Ψ)
AB δl
δφB
, (Γ
′′
M,Ψ)AB =
δl
δφA
(
δΓM,Ψ
δφB
)
: (Γ
′′−1
M,Ψ)
AC(Γ
′′
M,Ψ)CB = δ
A
B .(23)
In turn, the finite change of the effective action ΓM,Ψ (as well as of ZMΨ,Ψ) under change of
the gauge Fermion, ∆fΨ, without using FDBRST transformations concept and as well the
transformation rules for BRST breaking termM (19) was firstly derived in [40] (see Eq. (3.31))
from which the linear in ∆fΨ and ∆fM approximation looks as
∆fΓMΨ,Ψ =
δΓMΨ,Ψ
δφA
F̂A∆fΨ(φ̂)− M̂AF̂
A∆fΨ(φ̂) + ∆fMΨ(φ̂, φ
∗), (24)
where F̂A = −
δ
δφ∗A
+ (−1)εB(εA+1)(Γ
′′−1
M,Ψ)
BC
( δl
δφC
δΓM,Ψ
δφ∗A
) δl
δφB
(25)
and it was argued in [42, 43] to be non-vanishing on the extremals ΓMΨ,Ψ;A = 0. However, a
sufficient condition to vanish of ∆fΓMΨ,Ψ|ΓMΨ,Ψ;A=0 shown in [40],
∆fMΨ(φ̂, φ
∗) = M̂AF̂
A∆fΨ(φ̂) , (26)
is always fulfilled and appears nothing else that average expectation value of the linear in ∆fΨ
relation (19) with account for (9), presented as, ∆fMΨ(φ, φ
∗) = −(ı/~)MΨ
←−s e∆fΨ.
For YM theories the form of modified Ward identities and result of gauge dependence study
remain valid [46] and simplify because of the nilpotency of Slavnov generator ←−s = ←−s e, the
jacobian of FDBRST transformations and solution of the compensation equation for change of
the gauge take the form (10), (11).
4 Finite Field-Dependent BRST-antiBRST Transformation and
its Jacobian
The GFGF for irreducible gauge theories with closed algebra within BRST-antiBRST La-
grangian quantization [14, 15] is given by,
ZF (J) =
∫
dφ exp
{
i
~
[
SF (φ) + JAφ
A
]}
. (27)
with BRST-antiBRST-invariant quantum action
SF (φ) = S0 (A)− 1/2Fξ
←−s a
←−s a = S0 (A) + Sgf (A,B) + Sgh (A,C) + Sadd (C) , (28)
6
determined on the total configuration space parameterized as above respectively by the classical,
Sp(2)-duplet of ghost-antighost, Nakanishi-Lautrup fields φA = (Ai, Cαa, Bα) and being the
same as in FP method under identification (Cα1, Cα2) = (Cα, C
α
). The quantities S0, F appear
by classical gauge-invariant action and admissible gauge-fixing Bosonic functional chosen here
in quadratic approximation, in case of YM theory (with Ai = Aµn(x) given on D-dimensional
Minkowski space for ηµν = diag(−,+, ...,+) and taking its values in the algebra Lie of SU(N)
gauge group
S0 = −1/4
∫
dDxFnµνF
µνn, for Fµνn = ∂[µAν]n + fnopAµ0Aνp, n = 1, ..., N2 − 1, (29)
Fξ(A,C) = −
1
2
∫
dDx
(
Amµ A
mµ − ξ/2εabC
maCmb
)
(30)
corresponding to Rξ-family of the gauges (with χξ(A,B) = ∂µA
µa + ξ2B
a = 0) within FP rules
for YM theories. The gauge-fixing term Sgf , the ghost term Sgh, and the interaction term Sadd,
quartic in Cma in (28) (vanishing for Landau gauge ξ = 0 and therefore for SF |ξ=0 coinciding
with FP BRST-invariant action SFP (φ)) are determined by,(
Sgf , Sgh
)
=
∫
dDx
( [(
∂µAmµ
)
+ ξ/2Bm
]
Bm, 12 (∂
µCma)Dmnµ C
nbεab
)
, (31)
Sadd = −
ξ
48
∫
dDxfmnlf lrsCsaCrcCnbCmdεabεcd. (32)
The action (29) is invariant with respect to the infinitesimal gauge transformations δAmµ =
Dmnµ ζ
n with arbitrary functions ξα ≡ ζn (εα = 0) on R
1,D−1, whereas the infinitesimal BRST-
antiBRST transformations, δφA = φA←−s aµa, for YM theories in terms of anticommutiong gen-
erators ←−s a :←−s a←−s b +←−s b←−s a = 0,(
Amµ , B
m
)
←−s a =
(
Dmnµ C
na, 1/2fnml
[
BlCna+(1/6)f lrsCsbCraCncεcb
])
,
Cma←−s b =
(
εabBm − (1/2)fmnlC laCnb
)
, (33)
leave the action SF and integrand I
F
φ in ZF (0) =
∫
IFφ by invariant only in the 1-st order in
µa.
To restore the total BRST-antiBRST invariance of SF and I
F
φ in the whole orders in µa we
introduced in [44] finite transformations of φA with a doublet λa of anticommuting parameters,
λaλb + λbλa = 0,
φA → φ′A = φ′A (φ|λ) : φ′ (φ|0) = φ,
[
φ′A
←−
∂
∂λa
]
λ=0
= φA←−s a and
[
φ′A
←−
∂
∂λa
←−
∂
∂λb
]
= 12ε
abφA←−s 2 (34)
as the solution of the functional equation
G
(
φ′
)
= G (φ) if saG (φ) = 0 (35)
for any regular functional G(φ). The general solution of (35) permits to restore finite BRST-
antiBRST transformations in a unique way φA → φ′A,
φ′A= φA
(
1+←−s aλa+
1
4
←−s 2λ2
)
≡ φA exp{←−s aλa}, (36)
where a set of elements {g(λa)} = {exp{
←−s aλa}} forms Abelian two-parametric supergroup
with odd generating elements λa. The BRST-antiBRST invariance of I
F
φ means the validity of
IFφg(λa) = I
F
φ . (37)
where we have used the fact established in [44] that under global finite transformations, corre-
sponding to λa = const, the integration measure remains invariant:
Sdet
(
δφ exp{←−s aλa}
δφ
)
= 1 and dφ′ = dφ. (38)
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At the same time for finite field-dependent transformations, we show in [44] that for the par-
ticular case of functionally dependent parameters λa = Σ
←−s a, (λ1
←−s 1 + λ2
←−s 2 = −Σ←−s 2) with
a certain even-valued potential, Σ = Σ (φ), which is inspired by infinitesimal field-dependent
BRST-antiBRST transformations with the parameters
µa =
i
2~
εab (∆fF ),AX
Ab =
i
2~
(∆fF )
←−s a , (39)
for which with accuracy up to linear in ∆fF terms the gauge independence of the integrand
(therefore of the vacuum functional ZF (0)) follows I
F
φg(µ(∆fF ))
= I
F+∆fF
φ + o(∆fF ). In case
of finite field-dependent transformations with group element g(Σ←−s a) a set of which forms now
non-Abelian 2-parametric supergroup, the superdeterminant of the change of variables takes
the form
Sdet
(
δ(φg(Σ←−s a)
δφ
)
=
[
1−
1
2
Σ←−s 2
]−2
, dφ′ = dφ exp
{
i
~
[
i~ ln
(
1− 12Σ
←−s 2
)2]}
. (40)
Again, the functionally dependent FDBRST-antiBRST transformations may be used due to
sa-exact form of the jacobian (40) for the establishing of the gauge independence of the vacuum
functional ZF (0) from the requirement of the BRST-antiBRST version of the compensation
equation under change of the gauge Boson, F → F +∆fF , validity:
IF
φg(Σ←−s a)
= I
F+∆fF
φ ⇐⇒ i~ ln
(
1− Σ←−s 2/2
)2
=
(
∆fF
←−s 2/2
)
, (41)
whose solution for unknown Bosonic FD parameter Σ(φ), and therefore for Sp(2)-doublet of
λa(φ) = Σ
←−s a with accuracy up to for sa-exact terms looks as [44]:
Σ (φ|∆fF ) = −2∆fF
(
(∆fF )
←−s 2
)−1 [
exp
(
− 14i~(∆fF )
←−s 2
)
− 1
]
. (42)
And visa-verse having considered the equation (41) for unknown ∆fF with given Σ we obtain
∆fF (φ) = −2i~ Σ
(
Σ←−s 2
)−1
ln
(
1− Σ←−s 2/2
)2
. (43)
Thus, the field-dependent transformations with the parameters λa = Σ
←−s a amount to a precise
change of the gauge-fixing functional. E.g. to relate ZFξ(J) with ZFξ+∆ξ(J) in Rξ- family of the
gauges we should to fulfill FFDBRST-antiBRST transformations with parameters, λa = λa(ξ)
λa =
∆ξ
4i~εab
∫
dDx BnCnb
∞∑
n=0
1
(n+1)!
[
∆ξ
4i~
∫
dDy
(
BuBu − 124f
uwtf trsCscCrpCwdCuqεcdεpq
)]n
.(44)
Being base on (42) the modifiedWard identity for ZF (J) depending on FD parameters λa(φ|∆fF ),
following from it usual Ward identities for constant λa and gauge dependence problem under
finite change of the gauge [44, 46] in terms of the notations similar to one in (15) :〈{
1 + i
~
JA
[
φA←−s aλa(Σ) +
1
4φ
A←−s 2λ2(Σ)
]
− 14
(
i
~
)
2εabJAφ
A←−s aJBφ
B←−s bλ2(Σ)
}
(45)
×
(
1− 12Σ
←−s 2
)
−2
〉
F,J
= 1, JA
〈
φA←−s a
〉
F,J
= 0, (46)
∆ZF (J) =
i
~
ZF
〈
JA
[
φA←−s aλˆa+
1
4φ
A←−s 2λˆ2
]
−(−1)εB
(
i
4~
)
JBJA
(
φA←−s aφB←−s b
)
εabλˆ
2
〉
F,J
(47)
for the notations λˆa ≡ λa (φ| −∆fF ).
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5 (Refined) Gribov–Zwanziger Theory in BRST, BRST-anti-
BRST Formulations in Many Parametric Family of Gauges
GZ theory is determined by the GZ action SGZ(φ) on the same configuration space as for YM
theory, given in the Landau gauge χm(A) = ∂µA
µm = 0 (with using of the Minkowsky space-
time notations rather formally because of GZ theory is determined only in Euclidian space
R
D)
SGZ(φ) = SFP (φ) +M0(A), M0(A) = γ
2
(
fmrlArµK
mn−1fnslAµs +D(N2 − 1)
)
(48)
with the additive non-local BRST-non-invariant with respect to BRST transformations
(
Aµm,
Cm, Cm, Bm
)←−s = (DµmnCn, 12fmnoCnCo, Bm, 0) term:
M0
←−s = γ2fmrlf lse
[
2Drqµ C
q(K−1)ms − f gpnArµ(K
−1)mgKpqCq(K−1)ns
]
Aeµ 6= 0, (49)
known as the GZ horizon functional, implying an inclusion of the Gribov horizon [21] in terms of
the FP operator (K)mn = ∂µD
µmn for (K−1)mo(K)on = δmn and the so-called thermodynamic
(Gribov mass) parameter γ, introduced in a self-consistent way by the gap equation [23]. The
idea to improve the GZ theory is due to the facts that, first, it fails to eliminate all Gribov’s
copies, and, second, a non-zero value for the Gribov parameter γ is a manifestation of nontrivial
properties of the vacuum [37] of the theory. The latter means that there exist additional reasons
for non-perturbative effects, which can be encoded in a set of dimension-2 condensate, 〈AµaAaµ〉,
in the case of a non-local GZ action with the YM gauge fields Aµa only3
SGZ(φ)→ SRGZ(φ) = SGZ +
m2
2 A
m
µ A
µm. (50)
To determine GZ and RGZ models in any gauges in a gauge independence manner compatible
with (18) let us consider a family of linear gauges given by the equation
χm(A,B) = Λµ(∂, α, β, n)A
µm +
ξ
2
Bm = 0 with Λµ(∂, α, β, n) = α∂µ + β
κµν
n2
nν . (51)
Here, we have 3 real, α, β, ξ, and 1 vector, nµ, gauge parameters.
Particular cases of Rξ-gauges and generalized Coulomb gauges gauges can be obtained from
the general many-parameter family under the choices
(α;β) = (1; 0)→ Rξ−gauges; (β, ξ) = (−α, 0), κµν = n
ρ∂ρηµν , n
2 < 0, (52)
The Landau and Feynman gauges are obtained from the first family for the respective choices
ξ = 0; 1, whereas the Coulomb, χmC (A,B) = ∂iA
im = 0 for µ = (0, i) from nµ = (1, 0, ..., 0).
The FP action, GZ horizon functional Mg(φ) and, therefore GZ and RGZ model in any
gauges, including ones from the set of (51) starting from ones in the Landau (or Coulomb [24],
where horizon functional has the same form (48) but for (K)abC = ∂iD
iab and D − 1 instead of
D) gauge is determined by (19) with help of FDBRST transformations with odd parameter Λˆ
from (11) with ←−s defined before (49):
SFP (φ, α, β, n
µ, ξ) = S0 +Ψg(φ)
←−s , for Kmng = Λ
µ(∂, α, β, n)Dmnµ , (53)
Mg(φ) =M0(A) exp{
←−s Λˆ} =M0(A)
(
1 +←−s ∆fΨ
{(
∆fΨ
)←−s }−1[exp{− ı
~
(
∆fΨ
)←−s}− 1]) , (54)
m2
2 A
m
µ A
m
µ exp{
←−s Λˆ} = m
2
2 A
m
µ
(
Amµ +∂
µCm∆fΨ
{(
∆fΨ
)←−s }−1[ exp{− ı
~
(
∆fΨ
)←−s}− 1]) , (55)
3As well as in a similar set of dimension-2 condensates, 〈AµmAmµ 〉, 〈ϕ¯
µmnϕmnµ 〉−〈ω¯
µmnωmnµ 〉, for a local GZ
action [37], SGZ(φ, φˆ) with an equivalent local representation for the horizon functional in terms of the functional
Sγ , defined in an extended configuration space with auxiliary variables φ
A¯ described in [25],[40].
9
for Ψg(φ) = C¯
mχm(A,B) and where
∆fΨ = Ψg −Ψ0 = C¯
m
(
{(α− 1)∂µ + β
κµν
n2
nν}Aµm + ξ2B
m
)
, (56)
∆fΨ
←−s =
{
Bm
(
{(α− 1)∂µ+β
κµν
n2
nν}Aµm + ξ2B
m
)
+C¯m
(
(α− 1)∂µ+β
κµν
n2
nν
)
DµmnCn
}
. (57)
The GZ: Sg;GZ = SFP (α, β, n
µ, ξ) +Mg(φ), and RGZ: Sg;RGZ = Sg;GZ +
m2
2 A
m
µ A
m
µ exp{
←−s Λˆ},
actions in any from χm(A,B)-set of the gauges present one from the main results in this section4
Considering the generalization of GZ and RGZ theories within BRST-antiBRST quantization,
note because of the gauge-fixing functional F0 (30) corresponds to the Landau gauge, we in-
troduce the GZ horizon functional in the same manner as in [23] for the FP procedure in the
Euclidian space coinciding with MF0 = M0(A) (48) as well as GZ action appears by the same
(48. We determine the GZ theory in any Fξ gauges (Rξ-gauges) in a way compatible with
the gauge-independence of the generating functional of Green’s functions in F0, where Gribov
horizon in the gauge Fξ should be determined as
MFξ =MF0
(
1 + 12i~ (
←−s a) (∆Fξ
←−s a)
∑∞
n=0
1
(n+1)!
(
− 14i~∆Fξ
←−s 2
)n
− 1
16~2
(←−s 2) (∆Fξ)2
×
[∑∞
n=0
1
(n+1)!
(
− 14i~∆Fξ
←−s 2
)n]2 )
, (58)
where ∆Fξ is readily determined with account taken of (33), (44); see for details [44]. The
construction of the Gribov horizon functional MFξ (hξ in [44]) in the gauge Fξ, starting from
M0 in the gauge F0, may be considered as a generalization of the result [50] obtained in the
BRST setting of the problem. In turn, the RGZ model in any from Fξ-gauge are readily
constructed as, SRGZ,ξ with account for
m2
2 A
m
µ A
m
µ exp{
←−s aλa(ξ)} =
m2
2
[
Amµ
(
Amµ +∂
µCmaλa(ξ)
)
+ 14A
m
µ A
µm←−s 2λ2(ξ)
]
, (59)
which is differed by the last term proportional to λ2(ξ) from BRST transformed composite field
(55).
6 Modified Faddeev-Popov Rules for Gauge Theory with Gauge
Group
Starting from the Gribov anzats for YM theory with the functional V(∂µ∂
µ) in the Eq. (31) [21]
which restricts the integration in the path integral, ZF (0) (27) in BRST-antiBRST quatization
(or ZΨ(0) within FP method with SFP instead of SF ) only to the first Gribov region C0 we
suppose that it may be presented as Θ-function: V(∂µ∂
µ) = Θ(∂µ∂
µ) = Θ(1−σ(λ0(A))), where
a quantity λ0(A) appears by the least real part of positive proper eigen-value of the FP operator
Kmn(A) in a gauge χn = 0: 0 ≥ Reλn0 ≥ Reλ
n
1 ≥ . . . ≥ Reλ
n
k ≥ . . . in the spectrum problem on,
Kmn(A)unk = δ
mnλnk(A)u
n
k , for K
mn(A) = (δχm)/(δAµo)Dµon, k ∈ Z. (60)
We determine the GFGF ZΨ(J) with restricted region of the integration (where Det‖Kmn(A)‖
> 0 everywhere) for the gauge Lie algebra g = su(N) without Gribov’s copies as,
ZΨ(J) =
∫
dAΘ[1− σ(λ0(A))]δ
(
χ(A)
)
DetK(A) exp
{
ı
~
(S0(A) + jA)
}
(61)
4These results call for a verification of the fact that Mg actually selects the first Gribov region for A
µa in
any χm(A,B)-gauge, since extracting this region by means of the functional M0(A) has been determined non-
perturbatively [25], whereas a corresponding explicit and rigorous proof, e.g., for an Rξ-gaugeM(A, ξ) to provide
a restriction for Aµa in the first Gribov region, Ω(ξ): =
{
Aµa
∣∣χa(A,B)∣∣
α=1,β=0
= 0,Kab(ξ) ≥ 0
}
, has not been
presented in the literature.
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=∫
dAδ
(
χ(A)
)
det
{
Θ
1
dim g [1− σ(λ0(A))]K(A)
}
exp
{ ı
~
(S0(A) + jA)
}
=
∫
dφ exp
{
ı
~
(S0(A) + C¯K
′C + χ(A)B + jA)
}
, (62)
with K ′mn = Θ
1
dim g [1 − σ(λ0(A))]K
mn(A), being by modified Faddeev-Popov operator in the
Lagrangian formalism, for dim g = N2 − 1. Of course, it is a problem to solve the spectrum
problem (60) and to construct the functional σ(λ0(A)) but corresponding results for some gauge
group exist.
The classical action, S0(A) is still invariant with respect to by the restricted to the region C0
infinitesimal modified gauge transformations with modified generators of gauge transformations:
δmA
µn(x) = Θ
1
dim g [1− σ(λ0(A))]D
µno(x)ζo(x), (63)
with Rµmo(x, y) = Θ
1
dim g [1− σ(λ0(A))]D
µmo(x)δ(x − y).
The integrand IΨφ in ZΨ(J) =
∫
I
Ψ
φ exp{
ı
~
Jφ} is invariant with respect to modified BRST
transformations:
δB
(
Aµm, Cm, Cm, Bm
)
= Θ
1
dim g [1− σ(λ0(A))]
(
DµmnCn,
1
2
fmnoCnCo, Bm, 0
)
Λ, (64)
where we have taken into account for the calculation of the jacobian of the change of variables
in ZΨ(J) that the terms (δΘ(...))/(δA
i) should be proportional to δ(0) and within appropriate
choice of the regularization should vanish. We see that the gauge independence property for
the vacuum functional should be follow as well as a consistency of the unitarity problem due to
non-appearance of non-physical degrees of freedom as for the GZ model and suppose to continue
this research in a forthcoming paper.
7 Conclusion
We have reviewed the results of our research devoted to finite FDBRST transformations in the
BV formalism and calculated the Jacobian of a change of variables, used afterwards to obtain a
new form of the Ward identities for the generating functionals of Green’s functions. For these
functionals, we study the issue of gauge dependence, and this enables us to solve the consis-
tency problem of an introduction of (soft) BRST symmetry breaking terms in the BV method.
We have also proposed the concept of finite BRST-antiBRST and FFDBRST-antiBRST trans-
formations for Yang–Mills theories in the Sp(2)-covariant Lagrangian quantization. The Ja-
cobian of a change of variables corresponding to FFDBRST-antiBRST transformations with
functionally-dependent parameters is calculated in a precise manner. It has been established
that quantum YM actions in different gauges are related to each other by FFDBRST-antiBRST
transformations with functionally dependent parameters obtained as solutions of the compen-
sation equation. A new Ward identity and the gauge dependence problem for finite changes of
the gauge for the generating functional of Green’s functions have been obtained and studied.
The Gribov–Zwanziger theory and a refined Gribov–Zwanziger theory in BRST and in BRST-
antiBRST descriptions for a many parametric family of linear gauges (explicitly including the
covariant and Coulomb gauges), starting from M0 in the Landau gauge, are suggested in a
way consistent with the gauge independence of the respective S-matrices as a consequence of
BRST(antiBRST) symmetry breaking. A modification is proposed for the Faddeev–Popov rules
to a definition that involves such a gauge in the path integral and such BRST transformations
that are free from the Gribov copies and do not excite the longitudinal degrees of freedom.
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